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I. Preliminaries
I. 1 . Multi linear algebra
- Coordinate transformation

Cartesian
IR3 ~ ( ✗if , Z) f

'

'
' P

(no , ∅,
↓ ? ? ?

D-" I
, spherical

¥ '

;
I
,

✗ = rsinocoso
'

y y- rsinosino
2-= t cos -0

÷
✗= f- Cho, ∅)
y=g trio , ∅)
2-=h 1h01 ∅)

In general , original coordinate system 98=91 , - - : En }
changed coordinate system 38--81 , - - tin }

G- = fit off , - - - , 9in ) : coordinate function

&'s = £ }{ Gi 5- 2¥80⇐ I °8①j Repeated indices
Einstein 's ⇒ summed index
convention

= Aijqi :
covariant
transformation

Iq = }{É ¥; = Aij}q→ basis of ejvector éj ◦ É=sj
d8i = }{j÷dGj =(A-1) is d④→

basis of éj.
co - vector

TJ (dual) ↳ form
contravariant
transformation

◦is = (Aiéj) . ( Biei ) = AJBI (éj - ei) = Ai Bi

e-j
- <JI ei = Ii)

Ali) <→ ↳ /A-I /⇒ Under the transformation by A,
the norm

"

is not changed .

"

Isometry
"
→ group 4

ex) IR3 → 9=50133



ei → e
" e-I →éj

- Tensor
• Vector (representation of G)

Vi → Aii Yi
* For

IR3
,
there is no

"

difference
"

◦ Corrector

wi→ (A-1),
i WJ

between vector and co-vector
due to the

"

E - e = 'S
"

.

• (p ,G)- tensor (ptq)- rank tensor
ii.- Joo- (A)hi

,

. . _ (A)
"
P ;p(A

")
I
'
. . - (A-1) J8T

.

'

:
'

Ti
,
. . - Tp e , too

symmetric
* (Anti- ) symmetric tensor ↓

Ti
,
_ . . ip . . .iq . . - in

= ± Ti
,

- - - Iq . . - Ip _ . - in
\ £+1 ↑ thanti-symmetric p f

ex) Matrix M

Mij ⇒Mji

of} We call an anti-symmetric to
, G) - tensor (rank of contravariant tent

as G-form

Wii - . - if = - W J , - - ib -- - ia ' " iq

I. 2. Special Theory of Relativity
• Principle of Relativity 11905 , Einstein) → fiamemouif

with anstut
velocity

" If a physics law hold in a catrdhiatéshstem ,
-

it is also held

fhtmanynother systems moving in uniform translation
v relatively to the reference one .

Maxwell theory
Electrodynamics /⇒

"

<
"

speed of light >⇒ space-time
four- vector↳ Lorentz transformation Mr Mir = ◦ i.2.3
-↓ time space i

Forming group
50143)

◦ Minkowski metric

S0D) MTS 14=1

[
504,37 MT("-1 ,

,
) M = I 7µW = diag 41 , -1 , -1 , - 1)
÷
Minkowski metric the



* Inverse metric 7M M7pv=sI
*Symmetric fur - Yum
*Norm ✓ ◦W =VMW✓7µ = VOWO - VIWI -U2W

≥
_✓3hr3

*One-to-one map between vector→ corrector

Vµ= 7µV WM = 4mW,
lie . V0 = V0 , Vi = - Vi , . . . )

Far = Tµ'7pu
• Four -vector

✗µ = ( ✗
°

,✗
'
, ✗
2

, ✗3)

✗2=✗^✗µ= ✗MN4M - (✗5- 1×15-1×42 - CX3P
ex) position (ct / × ,y,Z)=✗ⁿ

✗2=c2f2_ ✗2-82-2-2
energy

-momentum GE , Px , Py , E)=p
"

GE2- (A)2- (B)2-(E)
2
= M44

Under Lorentztransformation= Mutt 4--1^-14-164[
win -4%44 :

a



I. Klein - Gordon Equation
I. 1. Klein -Gordon Equati-
special relativity 119051

Schriidinfer equation (1925)
)⇒ Klein -Gordon equation 11926)
I

- i 3-+4=44 Dirac equation 4928)

-First trial E

- i£4 = H4 = #FE2Y
two weaknesses
① negative sign
② Non - locality

⇒ square both side → "
22

-

* 4 = - +may
22I}÷ - E) ✗ + M24 = (¥. - * - Eye - E) 4 +ñ4=o

☐ = It, - IT - Eye - ¥-2 = In a¥¥v
:D
'

Alembertian

(☐ + my ∅ = 0 :
Klein - Gorden eoouati

↳
mass of field ∅

- Fourier decomposition

∅(×) =} D3E
IR3 (4)%

Xp (f) {
II.*

Reality condition : 4*1×7 =∅(x)
0*4=5 ¥¥%4Ét) e

" I
= ∅ a)

⇒ 4£ It) = 4-Elt) : Reality condition
To manifest Lorentz covariance

let =¥, (ae
e-"¥ + be e-

iw←) wÉ=k+m

Reality condition ⇒ b-E = a
d3I I

⇒ 41×3=5%q, / a, eik
"
+ aÉ e-ik" )
--
negative positive

frequency frequency
quantization↳ anti- particle/ Particle/

annihilate
'

- creative



• Solving Klein
-Gordon

(☐+my 01×3=0

↳ 22

* kilt) 1- (+Ñ+m4 4,1-4=0
⇒ Harmonic oscillator

Note • We can deal with a (classical) field as a collection of
infinite harmonic oscillators

.

• After quantization , a and a* are promoted to
the harmonic oscillator creation / annihilation operators a and at.

I.2
. Scalar Lagrangian
- Recall : Lagrangian mechanics
Hamilton 's principle ⇒ classical path = extremising action functional
S [×] -_ Stott L (× .

'x) ;ÉÉ
"
-
_

-
.

_

,

,

,

it,

ss :-O t
'

classicali.
⇒ S [✗+SX] - S [ ×] =0 Path 1

i
S[×-18×3=1%6 L4-1SX ,

'

✗+si)

\
-

.

.

.
_

.
.

~
. .
-

_

'

= a- (4×5×+1×-8) -1¥ * six]
= a- (¥ - G- ¥ )s× + (3%1)*-1 six]

55=0,4 SX ⇒ 1¥ - ↓ }¥=U Euler-Lagrange equati-

2¥, = Pi : canonical momenta

- Field equati- fun the Lagicngin
S[ ∅] =/at 40,29) fa= In,
-

not Lorentz covariant form lµin density
=/ d4✗ 2142¢) LL42 = / 63*210,24)

55--0 ⇒ SE4-1SQ] - S[∅] =D

= SD44 (0+8/0,04+5807) - [ (∅ , 00))



= Sd "✗ (0*84+1%1) 510m$) )
=/d4✗(§- sit - on

2h

some)ˢ∅)
- [¥④bdy

2L=Sd"✗(}§- - 2µg ,guy) ) 84--0 it 8¢
22⇒

'

¥- -0µg ,q∅, = o Euler-Lagrange equation

- Scalar Lagrangian
214,04) = - ± 4) (0^4)+-2 m2¢2

⇒∅ ( ☐ +MY ∅ + (boundary )
220¥ - fu go.no/)--tn2-D) 4--0 ⇒ Klein- Gordon equati-

I. 3 . Complex Scalar Theory
∅ , I 42 : Real scalar field
∅ = ∅, + i ∅≥ ⇒ complex scalar field

condition : Lagrangian should be real and Lorentz invariant

214.4*1=1%0) ( ∅
*) + M2 1PF

↳
{
(☐ +my 4--0

(☐ 1-my 0+1=0
Note After quantization , ∅ can be regarded as a particle and

∅
#
can be ragarded as an anti-particle .

particle annihilate- particle cneati-
anti- particle cneati- anti- particleannihilate≥

1-
-

∅ =SEÉw
, (a)

% (ape
""

t.AE e-it" )
I

∅
"

=/÷⇒%(bee
"" -1b¥ e-it- ×)

particle coati- I particleannihilationti -particle annihilati- anti-particle creation

- iceauge theory : First - look
Red In Maxwell theory



Aµ=l∅ . E) → An -12µA = ( ∅ _ 2¥
,

I + ÉX)
Maxwell equation has not changed under this transf .[ Electric/ Magnetic field
In QM

14> → either
↳
[ sohu.odivferecouati-a.es not chafe
Probability

⇒ Under this transformation
, physical quantities are invariant

: Gauge transformation

É*→É:ÉÉ
- £ = ∅) (∅*) + at#2)⇒ unchanged under[
(☐ +my ∅ ⇒ transformer .

⇒ complex scalar theory is a first example of gauge theory



It. Noether Theorem
III. 1 . The law of conservation
JM =jM(∅ ,

20) : conserved current

◦ Conservation law
'

2µjM = 0 when (D-MY ∅ =O

Let jM = IP , 5) .

In j
"
= 3ft + 8.5 =o : continuity

equation
• Charge

Qv = I plx)

* Qu = ↓ d>✗ ¥9K)
= - Su d3✗ I. ⑤ = -↳ D2J . I

⇒ If Qv is a conserved charge , then
Qv is never neither created or annihilated .

⇒ we can regard the
"

total charge
" of the region

as a constant of motion .

Noether thou
.

E.g.) JM : electric current-3 Ucl )

energy
- momentum-3 IR">

angular momentum→ 5011,3)
i

II. 2 . Transformation of Field
- transformation
• Case 1 : vector rotation

v=(9) → ✓ = (9) =É I:|2d rotation Sino cost

= (acust-bsinoasino-tba.se)
⇒ ✓

I
= Rio)

i

g.
✓
I (50/23)

"

transformation
~

• Case 2 : Phase shift ofwavefunction→ 4
'
= eio 4

In general , if → &
' =f(⊖i) ∅



[
Global ⊖

,
- = ⊖ [ Continuous fl⊖i)

: cut . → liegroup
Local 9.= 0-1×7 Discrete ftoi) : disc . → Discrete group

◦ Infinitesimal transformation
S4
Ii -=Si∅

= }¥ /
a.⇒

Si ∅ =\}%. / ⊖, ∅ = 4. if ilinearised equation

hÉ→ lie algebra

ex) space-time translation
44×9 = ∅ ( ✗" + on) ⇒ So ∅ = 2m$

µ

ex) scaling transformation

∅
' k) = e

'
∅ ⇒ 5,4=4

ex) 3d rotation of vector

J' = Rzlx) Ry (B) Rx (7) Ñ
cost -sink

1REG) = (sins cost

, ) Ry = (
"s

° sins

- sinp costs)
Rx (8) = /

"

cost - sino )Sino cost

HW . Let salt = Tzu , spit = Tyv , S×V=TxU
then what is the commutator relation between

ST✗ , Ty , Tt } ?

II.3
. The Noether's (First) theorem
consider
{ = { ( ∅

, 2¢) , symmetry
transformation sio

Sis ≤aw
"
= ¥.LI ∅ 's 2¢

' ) /
a. ⇒ jr

= :& :*. -1%71%1%-1 a.⇒ ÷
= ¥ sit -3m}¥∅, sit + on /}¥∅Tsi¢ )
= 131--4%1*1 sit +2nF it si∅



IT when 0h-shell

team is held)

⇒ ≥ÉÑY = -11¥ - an }£⇒±°
⇒ If =

22

gym∅,
Si ¢ - W" Noether's first theorem

.

↓
Noether current

corresponding to the symmetry lgenerutur) ① I
① i = SD3E J? : Noether charge

III.4 . Examples of Noether current
- Translation symmetry

spot = % ∅

I = - ±⑦ ∅) (or 4) +± M24'

s 2=-3123%11180) - £120112701) + Em'/(4)∅-10¥µ

=
- {[ Hit ) bio ) ] + { m22Y∅Y

≤ 0^7,2

1¥,> = - star∅ = - ∅

⇒ Jmp = (-0411%0) - S
"

%p L
= 7✓jMp = -2m¢ of - 8mL ≤ -1Mt ; energy

-momentum
. tensor

2m51 = - ☐ ∅ 10pct ) - 8412,2p∅) - Jp L
= M24 ① p∅) - 412mJPY)

+ 1%20 ) (70 ) - M2 / 02pct) =o

- Lorentz symmetry
⇒ Preserve Minkowski metric

Me No 7µV = 7ps Up ≈ 8ft wⁿp

⇒ IS5-1WY) I# w"e) %. →po



⇒ SI at• 7m + % Up 7mi ⇒

Wpg 1- Wop ⇒ ⇒ Wmv : anti -symmetric
6 independent elements

∅
'

( ×' ) = ∅ (Mr N)

Sfl = wⁿr ✗
✓

2 ✓ ∅ G)

SW2 = % (wh N L)
⇒ j
"
=
- y
" 2¢ (we • ✗

°) - (w
"

r X
"

L)
= wpo (The ✗6 _ TM6 ✗

v)
= WP6 µ

M[P6]

Most 6 ] = MP6 = TOP ✗ ° -T
06
✗
✓
⇒ angular momentum

-Global Ucl)
∅ → ei✗ ∅
∅ * → e- ixo

⇒
≤✗ ∅ = it

✗ :constant
8×0* = - is

L =fdµ∅) ( of *) + m2 ∅ if ⇒ SL = 0

a%¥= - ∅
* at

212m44
= - 2M¢

⇒ = ✗ ( - ∅2m¢
*
+ 4*0^4 ) → probability current

5
" Electric charge

"

Question : what if ✗ become a function on the spacetime? : ✗ = ✗ (x)
⇒ L is not invariant .
⇒ Cane ! Introduce a new field : Gauge field Aµ



I. Local Gauge Theory and Classical Electrodynamics
#5.1. Recall: Electrodynamics
- Maxwell equati-

S
*E-4Tcp

S
&xB 2E42J
-

E.- o & xE+oi
IE, BC: Electric/Magnetic field
C 10. 5): Electric density (cument
-> E--w I

B =ExB

Q. How can we describe the Maxwell equation in a corrint way?
=>Introduceourpotential *- -4, A)

anti-symmetric tensor f
four-current Prossenan-Gran

2TMr=425 (field equ
=>Maxwell egn. -> ( EpTentGutnGFan to (Branchi idet)

#

E.2. Local Gauge Theory in GM
Global U(I) gauge ↑ - eccf

H - <2 (etc) - In 824
ix() ifLocal UCD gange f -> e

-Im " (ecx)) Im 822
Q:How can we cure this problem?
*Introduce new local function f which transforms under

local UK gange as fatirassis x -> exx)
Define kinematic momentum
-

i p-ex=8- ieA)
↑canonical momentum -

*covariant derivative

H ImYeo

- In (-ex'ed m(82ie (8.5 + 5.8) -157 +ef
H -in (82i=.* +i-x+A.+ E0) -4)

- " (Ec+= (-18x) + (80) ·Al-TN2)+elp



</eiex x (ie2 4 + P4) eied

H4 -> thee[lie (8244 +ie (EC) · 104) *al4
+ (824) +ie)14)
ie ([. x+i*ex +*exy (24)
xP 4+y)
of (134:Deal + (EC) *14- (**)
↑esp - &/4 cie

=>gauge invariant equation

H4 <- 82is invarial under doed USD

*
Replace is -T

introduce new local field
garge field

15.3. Lagrangian Description of Maxwell Theory
- M

&- The Fer + 4TA6 *ar = GeAr-ErAm

Field equation Cater-44j->Enjo

*Ar-5 (AM) - 44ju
&e we can find electrodynamic Lagrangian

2 - I (E2 BY
· Gauge invariance

*"-> AN+2VCX) -> The -> Tun
Choose Covent gange condition

Sue = o -Gua Euth + En(8ex) =0

=>D a <-o

=>DAM4jh: Klein-Gorden equatin
with current je



IV. 4 . Scalar Electrodynamics covariant
local UD gauge invariant theory derivation

Lsaear =- É(Dn∅)(DYF-i.IM#PDncf--fdn-iqAm)cfDnQ*=(ou-i8Arl∅
Isador is invariant under ∅ → ei8✗" ∅ , ∅ →e-iG✗"Y

An → Am -1 Onto
⇒ Noether theorem

jm=iq( 4*34 - ∅#F)
If we want to consider An as a dynamical field , we should

add LEM to Ascalon

£ =L salon + LEM

= -4Eur Em _ (Dn∅) (☐"∅)* + { MY 412
= - * Emf

"
- (ait) (8^4) -13mi 1412

+ iqAµ /4*2^4 - 42m¢
*) - 8%-210112



V. Spontaneous symmetry Breaking
F. 1 . Prelude : Ising model and Landau theory .

Hsing, 1924) Description of Herne -3 magnetism by spin operator
icn)

6 : local operatorH ( Si 's 5K } ) = - [ Kim Gim
Su} K : coupling constant

ex) na Gi
' "
= Si

n=z 6!;) = sisj
n =3 6,?⃝c = Sisjsk . _ .

We only consider n=I and n=2 (up to nearest neighbour)
H Is ;J ,

hT/ = - h É si - Jijsisi-11 *¥É¥ʰ'

y
'

ia i=' ↓
Zeeman exchange interaction

* h breaks time- reversal symmetry J> ◦ Ferromagnetic Isinf↳→ - s) JC0 Anti - "

suppose 5=0 (paramagnetic case)
2- [ s; 5--0 , h , -1] = IT (eʰP -1 e-B) = (2cosh

"

hp )
i = I

m = - In = tanhhp
b

magnetism when 5-1-0
,
each spin feels not only the external field

(si> h, but also an effective interaction heff due to the
all other spins .

But , in general , heff is unknown .

It = - ⇐ sisj
- h E si

ij

= - Isi ( hi § Jijsj ) = - F. hi
#
Si

i
-

hit = ht § Jijsj
= h + [ Jij <sj> +§Ijj

order parameter

& =h+2dJm I
Assume

÷ m-tanhfsheff-tanhf.CH -1265m) Nofluctuation
g- ⇒MET

-

- Landau theory his/t =
•

Assumptions 9
Let % : energy functional with respect to the 5K } and

order Parameter ∅
m



i) £ obeys symmetries of the system .

ii ) Near critical temperature % , fu is an analytic function
for both 5k } and ∅
£ = [ ants K3) ∅

"

◦ Landau theory for Ising model
If h=o ⇒ time reversal symmetry exists

⇒ we demand £[ ∅] __ fit- ∅]
⇒ f
,
= Aot a≥ ∅

'
-1 040/4-1 . . .

• We set ao=O since it is just an energy shift .
• ace must be positive .
⇒ f< = actor + b 44

At the minimum :

2%1--0 ⇒ 4=0 or &É
4=4

If alt) ~ Got ait -1942)
since 0/17-0=0 ⇒ a0--0

⇒ £ = at ∅
>
+ b∅4

① to ⇒ Global minimum occurs at 0/+1=0

÷
µ I -42
0 >

② 6--0

3
T=Tc ✓

,

£ ~ ∅
'

③ to ^ ∅* = o or IF% ≤I%
I

1-<I
° 4=0 is not only no longer the

> Global minimum, but also the
local maximum .

• there exist two minimum
related to the symmetry ∅→ - if
⇒ spontaneous symmetry breaking



F2.Spontaneous Symmetry Breaking&

- Double-well tentialPO
8 self-interacting field

*
set)- interactingterm

2 =- z(0)- +ad+(
-o+Eq4+...

↑e coefficient of of term is called mass of field.
=>Equation of motion: (D-m0 =V'()

· Maxican hat potential v(d)

c =- ((x) - (moo*)
· symmetry

*Translation] Poincare
*Couentz
*y+ - x

- 22

v(d) =0 = 9 =oor + *
b s

Poincare' invariant
Both Poincande and ze not invariant

Ze invariant
-Spontaneous
Noether current: "Energy functional
-= (,dr(z-(0)-+ (86 - 5dz +Pt)

6E =Svar((209) (2080) + (8%) (0801) - a 80)
+52838%)

->Sudr So[-(500)" (80)" -ard + 6-03]
=>a =0 or + 8:critical point

↓ 3
local maximum global minimum
unstable point stable point

=>ground state of classical field

=>In this case, ground state is less symmetric bo*2-> Poin
*If a-> -a,there is no SSB.



v(P)
-

SSB for Complex field
c = - z()(amp)* - t(P(4)

-
assume a, b>,r

Symmetry: Poin xU(l) o-> e'cb
u(O)

E.=... Re(0)-w
--
-

2

-

c
Im(0)

V(d) =0 = y(up - a+y =0
=>(x) =yb =y= ->topologicallyL
e =0 -> y-yeto

circle

·

Energy functional
t=((((500+)8q1.10F + (P1)

Let 9=p(x)eiw(x)

== (ax((600-+2(50)
-

+ ((Z0w)- + (EW)Y)
- aup +p

Local variatic

8E =-5 + (ax((6209- +2(850)2

+ (5)-($80wF + (SE()Y) + a+(80)2]
=>so =0, sw=cast # No energy change

otherwise, energy is increased.

Ww-.........-
No energy cost



=3. Goldstone Theorem
-Linearisation &

Extremun
·Po

Near extremum point of(x) =(x) + Y(x)
-

Cstable) ↳
satisfying com

=>x) · Gravity theory fur (x) =Yr +hur(x)m
&Graviton in flat space

Gur[8] = [Y] +GuCh, nT
w

" ↓
· 04-theory of real scalar
2 = -(2d)

-

+mypz +64
toM (O + md + xd3 =0 · Non-linear PDE

=) d + 1 +md+m=

y +x(%+ x)3 =0
=>De + mx +x(4- +305-3 +43) =0

d=d+ 4

assuming small approximation
!-

=>Detx0Y =0 Linear PDE

↳
a is a scalar field
with eff. mass m2+37d5 =mef

2

Informal case mi+ -a2, x +b

e0 =9b = Met = 2a)0> stable

⒗0 =0 =>met) =-asc0 > unstable

-Goldstone Theore

Complex scalar theory o=0 (x) e.(X)
2 =- Emp(rp -958rw - Earp +br4

↑
=>

sC-BOOOWCNwarotooa law

&, wo-crust

=>c = +x w =ws+

2 =- (n)()ux) -=(5)-(n0)150) -25 +arun
↓(Higher order)



com:De-ea7 =0 --> massive field
[
D 0 =0 =>massless field

Goldstone theorem: Broken symmetry - Massless field
=>Goldstone field

54. Abelian Higgs Model

2 =- ktwFM - (DuY)(DM)-V(0)
= FurFu--()(fM0)) - igAn10+Md* - 0X(MP)
- gUAPIPR-IF-510)14
9 =0(x)yw(x)

2 = Furfer- and 2Mp-oGnw2tw
- igflowerex+0(0)Ny
-oow (0 iw + x(+crw)e))

- qu+-p- ap-
-> Iturfur-Eupanp-oGwarw
-28Anpfw - q2(22- ap -p4

Ground state p(x) =b,w(x) =w0, An = c
(Poincare' invariant)

Linearisation:p(x) =BtH(X). w(x) =wo+ic(X) An =0+qw(x)

Introduce a new field Bu = qu +on T
c =u-15572BuB" EnHOH

spin-I Lagrangian with mass a =M b

G =>Proca Lagragion
scalar field Lagrangian

room for BaT(1
-1)Bu =0 7=3 independent

8MBu =0 component
(scalar dof· Massive vector -> No gauge invariance

· Mass of B is related to charge - and mass of H.



a=1.2.3.0BF
&

=>Near ground state: Massless vector - Massive vector: Bee
# Scalar Massive scalar · H

w↓
Higgs phenomena I

SU12) x U(1): Electroweak
Higgs


